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Willy Chen

1 Concepts this Week

• A system of beliefs 𝜇 is a specification of probability distribution over nodes within
an information set.

• A strategy profile 𝜎 is sequentially rational given the belief system 𝜇 if 𝜎 is the
SPNE when 𝜇 is used to calculate the expected payoffs.

– Note that whether a strategy profile is sequentially rational or not have nothing
to do with whether the system of belief 𝜇 makes sense (other than summing to 1
within an information set)

– If the system of belief makes sense, we say that it (the system of beliefs) is
consistent

– Next we will cover equilibrium concepts where the system of beliefs is consistent
only in parts of the game (wPBE) and in all of the game (PBE).

• The tuple (𝜎, 𝜇) where 𝜎 is a strategy profile and 𝜇 is a system of beliefs is a weak
Perfect Bayesian Equilibrium if

– The strategy profile is sequentially rational given the system of beliefs

– The system of beliefs is consistent (via Bayes’ rule) given the strategy profile on
the path of equilibrium

• Perfect Bayesian Equilibrium: A tuple (𝜎, 𝜇) is a PBE if 𝜎 is sequentially rational
given 𝜇 and 𝜇 is consistent in every subgame

• Sequential Equilibrium: A tuple (𝜎, 𝜇) is an SE if 𝜎 is sequentially rational given 𝜇
and 𝜇 is consistent in every subgame and there exists a sequence of tuples (𝜎𝑘, 𝜇𝑘) →
(𝜎, 𝜇)

– For sequential equilibrium, the sequence 𝜎𝑘 need NOT be sequentially rational,
but 𝜎 does. If 𝜎𝑘 is sequentially rational for all 𝑘 and 𝜇𝑘 is consistent for all
𝑘, then (𝜎, 𝜇) can be further refined as an Extensive-Form THPNE (out of the
scope of this course).
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• Logic chain for solving a PBE/SE problem:

Nature

𝑥1

5, 5

𝐸

𝑥3

0, 0

𝐺

10, 10

𝐻

𝐹

𝜆(𝐿) = 0.7

𝑥2

𝑥4

10, 10

𝐺

0, 0

𝐻

𝐹

5, 5

𝐸

𝜆(𝑅) = 0.3

𝑃1

𝑃2

See that 𝑃2’s only consistent belief is 𝜇(𝑥3) = 0.7 if 𝐹 is played with non-zero proba-
bility. Next, see that 𝑃2’s best response is to play 𝐺 with probability 1 if 𝜇(𝑥4) ≥ 1

2
and play 𝐻 with probability 1 if 𝜇(𝑥3) ≥ 1

2 .

If 𝜇(𝑥3) > 1
2 , 𝑃1’s expected payoff for playing 𝐹 is 0.7 ⋅ 10 + 0.3 ⋅ 0 = 7 > 5. If

𝜇(𝑥3) < 1
2 , then 𝑃1’s expected payoff for playing 𝐹 is 3. So our (pure strategy) PBEs

(and hence SE candidates) are

((𝐹 , 𝐻), 𝜇(𝑥3) = 0.7) and ((𝐸, 𝐺), 𝜇(𝑥3) < 1
2

)

Take the tuple ((𝐸, 𝐺), 𝑃 (𝑥3) = 0.3), we know this is a PBE. But it is not an SE,
because for any sequence of behavior/mixed strategies such that 𝐹 is played with
strictly positive probability 𝜀𝑘, the consistent belief would be

𝜇𝑘(𝑥3) = 0.7𝜀𝑘
0.7𝜀𝑘 + 0.3𝜀𝑘

= 0.7↛0.3

Since the sequence of beliefs does not converge to 1 as the sequence of strategies
converge to (𝐸, 𝐺), the specified tuple is not an SE.
With the same logic, the tuple ((𝐹 , 𝐻), 𝜇(𝑥3) = 0.7) is an SE of this game.
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2 Learning by Doing

1. (MSU Prelim SS 2019 Q3) Consider an expert (𝐸) who advises a decision maker (𝐷M)
about the underlying state of the world 𝜃 ∈ {0, 1}. 𝐷𝑀 does not observe 𝜃 but 𝐸
privately observes an informative but noisy signal 𝑠 ∈ {0, 1}. The precision of the
signal is given by 𝑃𝑟(𝑠 = 𝑘 ∣ 𝜃 = 𝑘) = 𝑞, for 𝑘 = 0, 1, and 𝑞 > 1

2 . Both players hold a
common prior over the state given by 𝑃𝑟(𝜃 = 1) = 𝜇 ∈ (0, 1). The game unfolds in the
following four stages: First, nature chooses 𝜃 according to the prior. Next, 𝐸 observes
𝑠 and reports 𝑚 ∈ {0, 1} to 𝐷𝑀. Then, 𝐷𝑀 takes an action 𝑥 ∈ {0, 1}. Finally, 𝜃 is
observed and payoffs are realized. The payoff of DM is given by:

𝑈(𝑥, 𝜃) = (𝜃 − 1
2

) 𝑥

and the payoff of 𝐸 is given by:

𝑉 (𝑚, 𝜃) = 1{𝑚 = 𝜃}

That is, 𝐷𝑀 wants to tailor her action to the underlying state, but 𝐸 only cares about
his reputation on “getting the state right.”
Construct a PBE of this game where 𝐸 always reports his signal truthfully. Do you
need any restrictions on the parameters 𝜇 and 𝑞 for such a PBE to exist? If so, clearly
state this condition, and provide a brief economic intuition for it.
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2. (Modified from UChicago EC302 PS8) A seller (𝑆) of a used car can either repair it
prior to resale or not. Either way, he can demand either a high or a low price for the
car. The buyer (𝐵) can either accept the price, reject the price or test the car. But it
is never worth testing if the price is low and so this option is simply not considered.
This situation is depicted in the following extensive form game (Payoff structure is
𝑈𝑆, 𝑈𝐵).

(a) First, suppose that the game is actually of perfect information as depicted in the
game tree below. Find all the SPNEs.

𝑆

𝑆

𝐵

2, 1

𝐴𝑐𝑐𝑒𝑝𝑡

−2, 0

𝑅𝑒𝑗𝑒𝑐𝑡
2, 2

3

𝑇 𝑒𝑠𝑡

𝐻𝑖𝑔ℎ

𝐵

−1, 4

𝐴𝑐𝑐𝑒𝑝𝑡

−2, 0

𝑅𝑒𝑗𝑒𝑐𝑡

𝐿𝑜𝑤

𝑅𝑒𝑝𝑎𝑖𝑟

𝑆

𝐵

4, −1

𝐴𝑐𝑐𝑒𝑝𝑡

0, 0

𝑅𝑒𝑗𝑒𝑐𝑡
−10, − 1

3

𝑇 𝑒𝑠𝑡

𝐻𝑖𝑔ℎ

𝐵

1, 1

𝐴𝑐𝑐𝑒𝑝𝑡

0, 0

𝑅𝑒𝑗𝑒𝑐𝑡

𝐿𝑜𝑤

𝑁𝑜 𝑅𝑒𝑝𝑎𝑖𝑟
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(b) Suppose that the buyer is naive and believes that the seller did the repairs with
probability 𝛼 = 1 if the price is high and probability 𝛽 = 1

2 if price is low. Find
the unique strategy profile that is sequentially rational.

𝑆

𝑆

[𝛼]

2, 1

𝐴𝑐𝑐𝑒𝑝𝑡

−2, 0

𝑅𝑒𝑗𝑒𝑐𝑡

2, 2
3

𝑇 𝑒𝑠𝑡

𝐻𝑖𝑔ℎ

[𝛽]

−1, 4

𝐴𝑐𝑐𝑒𝑝𝑡

−2, 0

𝑅𝑒𝑗𝑒𝑐𝑡

𝐿𝑜𝑤

𝑅𝑒𝑝𝑎𝑖𝑟
𝑆

4, −1

𝐴𝑐𝑐𝑒𝑝𝑡

0, 0

𝑅𝑒𝑗𝑒𝑐𝑡

−10, − 1
3

𝑇 𝑒𝑠𝑡

𝐻𝑖𝑔ℎ

1, 1

𝐴𝑐𝑐𝑒𝑝𝑡

0, 0

𝑅𝑒𝑗𝑒𝑐𝑡

𝐿𝑜𝑤

𝑁𝑜 𝑅𝑒𝑝𝑎𝑖𝑟

𝐵

𝐵
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(c) Is the strategy profile you found in part (b) part of a Weak Perfect Bayesian
Equilibrium? Why or why not?

(d) Now suppose that the buyer believes that the seller did the repairs with proba-
bility 𝛼 ∈ [0, 1] if the price is high and probability 𝛽 = 1

2 if the price is low. Find
a weak Perfect Bayesian Equilibrium where 𝐵 accepts high price with a strictly
positive probability.

(e) Is the tuple (𝜎, 𝜇) found in part (d) also a sequential equilibrium? If so, find a
sequence of tuples (𝜎𝑘, 𝜇𝑘) → (𝜎, 𝜇). If not, find a belief system such that it is.
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(f) Find a sequential equilibrium in which the buyer rejects a high price with prob-
ability 1.
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3. (MSU Prelim FS 2015 Part II Q3) Consider the following buyer-seller game: The seller
(𝑆) has a product that she values at 0 and attempts to sell it to a buyer (𝐵) who values
it at 𝑣. However, 𝑣 is B’s private information. It is publicly known that 𝑣 ∈ {1, 2}
where 𝑃𝑟(𝑣 = 2) = 𝜋 < 1

2 . The game unfolds as follows: first, 𝑆 posts a price 𝑝 ≥ 0.
Knowing 𝑝, 𝐵 decides whether to buy or not. If 𝐵 buys, he gets a payoff of 𝑣 − 𝑝 and
𝑆 gets a payoff of 𝑝. If 𝐵 declines to buy, both players get 0.

(a) Find a PBE of this game. [Hint: What would be 𝐵’s best response for any 𝑝?]
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(b) Now suppose that the trade can take place over two periods 𝑡 = 0, 1. The game
is as follows: in period 𝑡 = 0, 𝑆 posts a price 𝑝0 ≥ 0. As before, if 𝐵 buys, payoffs
are (𝑝0, 𝑣 − 𝑝0). But if he does not buy,the game goes to period 𝑡 = 1. In 𝑡 = 1,
𝑆 posts another price 𝑝1 ≥ 0 and, again, 𝐵 may buy at this price or refuse to
trade. If 𝐵 buys, period 𝑡 = 1 payoffs are (𝑝1, 𝑣 − 𝑝1). Both players discount
future at rate 𝛿 ∈ (0, 1) (so, the present value of 𝑡 = 1 payoff is (𝛿𝑝1, 𝛿(𝑣 − 𝑝1))
). If 𝐵 refuses to trade, the payoff is 0 for both players. Find the PBE of this
game. Can trade take place in 𝑡 = 1 in this environment?
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3 Go the Extra Mile

1. (MSU Midterm 2019 Q2) Consider the following extensive form game.

𝑃1

(1, ∗, ∗)

𝐴
𝑃1

𝑥1

(2, 0, ∗)

𝑙

(0, −1, ∗)

𝑚

𝑥3

(1, 1, 4)

𝐿

(∗, −2, 1)

𝑀

(2, 1, 0)

𝑅

𝑟

𝑎

𝑥2

(0, 0, ∗)

𝑙

(0, −1, ∗)

𝑚

𝑥4

(3, 1, 0)

𝐿

(∗, −2, 1)

𝑀

(1, 1, 4)

𝑅

𝑟

𝑏

𝐵

𝑃2

𝑃3

An asterisk indicates that the particular payoff in that entry is not relevant. The no-
tation (𝑥, 𝑦, 𝑧) indicates that player 1’s payoff is 𝑥, player 2’s payoff is 𝑦 and player 3’s
payoff is 𝑧.

(a) Find a pure strategy Nash equilibrium that is not subgame perfect. Why is it not
subgame perfect?

(b) Find a pure strategy subgame perfect equilibrium that is not a sequential equi-
librium. Why is it not a sequential equilibrium?

(c) Find a sequential equilibrium.
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